18 Suppose V is finite-dimensional, with dim V' = n > 1. Prove that there exist
one-dimensional subspaces V,, ..., V, of V such that

V=V,®-@aV,







19 Explain why you might guess, motivated by analogy with the formula for
the number of elements in the union of three finite sets, that if V;, V,, V; are
subspaces of a finite-dimensional vector space, then

dim(V; + V, + V3)
=dim V] + dim V, 4+ dim V,
—dim(V; N'V,) —dim(V; N V3) —dim(V, N V3)
+dim(V; NV, N V3).

Then either prove the formula above or give a counterexample.

@unkremmpfe.' Let U, = Span [Cl,o)v‘;
UZLSPWJ { COJ‘)b
Uy = span {C\,l)}]
Nole that,
dim () =i (U2) = dimCUp= |
;J\l oW cherve that.
UNW = WU =WnU; = UAUANU,
@d\\m(&/l/)\/,) d\\m((l O ~dim (0, /We)dm: nub)
F_wHauw)
Claim: ulfUz*UJ =IR2

\

leé (v, Y) elR™ Tl/len




A =100+ (0,74) + CLID € Utus,
B’ccause (’){-\)Q)é‘\]\ ) (O) 75-1) éU1 ALDed,
Tl’)us R* < V) +U,4Us.

11 s trivial H\O\ﬂ 19\12 Vitlar U ,Theff](w")

R*= (U +U.+UsD.

d(m(U, =2 —®

ACcoYdiyg l;o a eV {\oyw/ufo)

dim(Uy + Us + U3) = dim(Uy) + dim(U3) + dim(U3)
— dim(U; NU3) — dim(U; NU3) — dim(U; N Us)
+ dim(U; N U, N Us3)

( £ 1) - (0+0+0)+ O

_ 2 /@
wd €, give G Confradiction.



20 Prove that if V;, V,, and V; are subspaces of a finite-dimensional vector
space, then

dim(V; + V, + V)

dim(V; N'V,) + dim(V; N V;) + dim(V, N V3)
3
dim((V; +V,)NV;) + dim((V; +V3)NV,) + dim((V, +V3)NV;)
3 :

The formula above may seem strange because the right side does not look
like an integer.

B\k{ 243 we can oblain afollom’hi

..........................

d\‘YY]( ViV, +Vs) = d"mcvtévaz)*dfm (V)




O VO = GGG (T )
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